In this article, we prove coupled coincidence and coupled common fixed point theorems for nonlinear contractive mappings in complete quasi-metric spaces without the mixed g-monotone property, using the concept of invariant condition, together with transitivity with a Qfunction q. We also provide illustrative examples in support of our new results.
Introduction and Preliminary Notes
The existence of a fixed point for contraction type mappings in partiallyordered metric spaces was first considered by Ran and Reurings [17] where they established some new results for contractions in partially-ordered metric spaces and presented applications to matrix equations. Later, Bhaskar and Lakshmikantham [7] , Nieto and Rodríguez-López [ [15] , [16] ], Agarwal et al [1] , Bedre et al [ [4] , [5] ] and Shrivastava et al [22] presented some new results for contractions in partially-ordered metric spaces. Recently, Al-Homidan et al. [2] introduced the concept of a Q-function defined on a quasi-metric space which generalizes the notions of a τ -function and a ω-distance and establishes the existence of the solution of equilibrium problem.
The concept of coupled fixed point was introduced by Guo and Lakshmikantham [8] . In 2006, Bhaskar and Lakshmikantham [7] introduced the concept of mixed monotone property for contractive operators of the form F : X × X → X, where X is a partially-ordered metric space. They also established coupled fixed point theorems for mappings which satisfy the mixed monotone property.
Later, Sintunavarat et al. [20, 21] proved the existence and uniqueness of coupled fixed point theorems for nonlinear contractions without the mixed monotone property and extended some coupled fixed point theorems of Bhaskar and Lakshmikantham [7] by using the concept of F -invariant set due to Samet and Vetro [19] . Recently, in 2003, Batra and Vashistha [3] introduced the concept of (F, g)-invariant set which is a generalization of an F -invariant set introduced by Samet and Vetro [19] and proved the existence coupled fixed point theorems for nonlinear contractions under c-distance in cone metric spaces having an (F, g)-invariant subset. Very recently, Erdal Karapinar et al. [11] proved Discussion of coupled and tripled coincidence point theorems for ϕ-contractive mappings using invariant condition, together with transitivity.
Recall that if (X, ) is a partially-ordered set and F : X → X such that for x, y ∈ X, x y implies F (x) F (y), then a mapping F is said to be non-decreasing. Similarly, a non-increasing mapping is defined. Bhaskar and Lakshmikantham [7] introduced the following notions of a mixed monotone mapping and a coupled fixed point. Definition 1.1. (Bhaskar and Lakshmikantham [7] ). Let (X, ) be a partially ordered set and F : X × X → X. The mapping F is said to have the mixed monotone property if F is non-decreasing monotone in its first argument and is non-increasing monotone in its second argument, that is, for any x, y ∈ X,
(Bhaskar and Lakshmikantham [7] ). An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F :
(1.2) Definition 1.3. (see [13] ). An element (x, y) ∈ X × X is called a coupled coincidence point of a mapping F : X × X → X and g : X → X if
(1.3) Definition 1.4. (see [13] ). Let X be a nonempty set and F : X × X → X and g : X → X. one says F and g are commutative if
for all x, y ∈ X.
Remark 1.5. If F, g : X → X are commuting and x 0 ∈ X is a coincidence point of F and g, then F x 0 is also a coincidence point of F and g. The following notion was introduced in order to avoid the necessity of commutativity. Definition 1.6. Let (X, d) be a metric space provided with a partial-order . Two mappings F : X ×X → X and g : X → X are said to be O-compatible if lim
whenever {x n } and {y n } are sequences in X such that {x n } and {y n } are -monotone and
The pair (X, d) is called a quasi-metric space. Definition 1.8. Let (X, d) be a quasi-metric space. A mapping q : X ×X → R + is called a Q-function on X if the following conditions are satisfied: (Q 1 ) for all x, y, z ∈ X, (Q 2 ) if x ∈ X and (y n ) n 1 is a sequence in X such that it converges to a point y (with respect to the quasi-metric) and q(x, y n )
M for some M = M (x), then q(x, y) M ; (Q 3 ) for any > 0, there exists δ > 0 such that q(z, x) δ and q(z, y) δ implies that d (x, y) .
) is a metric space, and in addition to (Q 1 ) − (Q 3 ), the following condition is also satisfied: (Q 4 ) for any sequence (x n ) n 1 in X with lim n→∞ sup{q(x n , x m ) : m > n} = 0 and if there exists a sequence (y n ) n 1 in X such that lim n→∞ q(x n , y n ) = 0, then lim n→∞ d(x n , y n ) = 0, then a Q-function is called a τ -function, introduced by Lin and Du [14] . It has been shown in [14] that every w-distance or wfunction, introduced and studied by Kada et al. [10] , is a τ -function. In fact, if we consider (X, d) as a metric space and replace (Q 2 ) by the following condition: (Q 5 ) for any x ∈ X, the function p(x, .) → R + is lower semi-continuous.
then a Q-function is called a w-distance on X. Several examples of wdistance are given in [10] . It is easy to see that if q(X, .) is lower semicontinuous, then (Q 2 ) holds. Hence, it is obvious that every w-function is a τ -function and every τ -function is a Q-function, but the converse assertions do not hold.
Then one can easily see that d is a quasi-metric and q is a Q-function on X, but q is neither a τ -function nor a w-function.
and q :
Then q is a Q-function on X. However, q is neither a τ -function nor a wfunction, because (X, d) is not a metric space.
The following lemma lists some properties of a Q-function on X which are similar to that of a w-function (see [10] ). Lemma 1.11. (see [2] ). Let q : X × X → R + be a Q-function on X. Let {x n } n∈N and {y n } n∈N be sequences in X, and let {α n } n∈N and {β n } n∈N be such that they converge to 0 and x, y, z ∈ X. Then, the following hold: (1) if q(x n , y) α n and q(x n , z) β n for all n ∈ N, then y = z. In particular, if q(x, y) = 0 and q(x, z) = 0, then y = z; (2) if q(x n , y n ) α n and q(x n , z) β n for all n ∈ N, then {y n } n∈N converges to z; (3) if q(x n , x m ) α n for all n, m ∈ N with m > n, then {x n } n∈N is a Cauchy sequence; (4) if q(y, x n ) α n for all n ∈ N, then {x n } n∈N is a Cauchy sequence;
Samet and Vetro [19] proved some results in which the mapping F did not necessarily have the mixed monotone property. Definition 1.12. (Samet and Vetro [19] ). Let (X, d) be a metric space and F : X × X → X be a given mapping. Let M be a nonempty subset of X 4 . We say that M is an F -invariant subset of X 4 if, for all x, y, z, w ∈ X,
Later, Sintunaravat et al. [20] introduced the notion of transitive property so as to extend the Lakshmikantham andĆirić theorem (see [13] ) Definition 1.13. (Sintunaravat et al. [20] ). Let (X, d) be a metric space and M be a subset of X 4 . We say that M satisfies the transitive property if, for all x, y, z, w, a, b ∈ X,
In recent times, it has been proved that many coupled, tripled, and quadrupled results can be reduced to the unidimensional case. Furthermore, in some cases, it is not necessary to consider a partial order, but a preorder (see Roldan et al. [18] ).
Recently, in 2003, Batra and Vashistha [3] introduced the concept of (F, g)-invariant set which is a generalization of an F -invariant set introduced by Samet and Vetro [19] and proved the existence of coupled common fixed point theorems for nonlinear contractions under c-distance in cone metric spaces having an (F, g)-invariant subset.
More recently, Charoensawan [6] , based on Batra and Vashistha's results, introduced the tripled case as follows. Definition 1.14. (Charoensawan [6] ). Let (X, ) be a metric space and F : X 3 → X be a given mapping. Let M be a nonempty subset of X 6 . We say that M is an F -invariant subset of X 6 if, and only if, for all x, y, z, u, v, w ∈ X,
The following concept is an extension of Definition 1.13. [6] ). Let (X, ) be a metric space and F : X 3 → X, g : X → X be a given mappings. Let M be a nonempty subset of X 6 . We say that M is an F -invariant subset of X 6 if, and only if, for all x, y, z, u, v, w ∈ X, (gx, gy, gz, gu, gv, gw) ∈ M ⇒ (F (x, y, z), F (y, x, y), F (z, y, x), F (u, v, w), F (v, u, v), F (w, v, u)) ∈ M.
(1.16)
Not knowing them and independently from Charoensawan's results, Kutbi et al. [12] used a bidimensional extension of F -invariant subset as follows. Definition 1.17. (Kutbi et al. [12] ). We say that M is an F -closed subset of X if, for all x, y, u, v ∈ X,
(1.17)
The following lemma can be found in the literature, but we recall them here for the sake of completeness. Lemma 1.18. If {x m } m∈N is a sequence on a metric space (X, d) that is not Cauchy, then there exist 0 > 0 and two subsequences {x m(k) } k∈N and {x n(k) } k∈N such that, for all k ∈ N: This family of control functions was employed by Sintunaravat et al. [20] and by Charoensawan [6] .
The purpose of this paper is to extend the results of N. Hussain et al. [9] , Bhaskar and Lakshmikantham [7] , Lakshmikantham andĆirić [13] to establish coupled coincidence point theorems for F : X × X → X and g : X → X satisfying a nonlinear contractive mapping using invariant condition without the mixed g-monotone property, together with transitivity in complete quasimetric spaces with a Q-function q.
Main Results
Definition 2.1. Let F : X × X → X, g : X → X be two mappings and let M ⊆ X 4 be a subset. We will say that M is i) (F, g)-closed if (F (x, y), F (y, x)) ∈ M for all x, y ∈ X such that (gx, gy) ∈ M ; ii) (F, g)-compatible if F (x, y) = F (y, x) for all x, y ∈ X such that gx = gy. Definition 2.2. Let (X, d) be a metric space and let M ⊆ X 2 be a subset. We will say that (X, d, M ) is regular if for all sequence {x m } ⊆ X such that {x m } → x and (x m , x m+1 ) ∈ M for all m, we have (x m , x) ∈ M for all m.
We introduce a notion of continuity weaker than the usual concept. Definition 2.3. Let (X, d) be a metric space, let M ⊆ X 4 be a subset and let x ∈ X. A mapping F : X ×X → X is said to be M -continuous at x if for all sequence {x m } ⊆ X and {x n } ⊆ X such that {x m } → x and (x m , x m+1 ) ∈ M for all m, we have {F (x m , x n )} → F (x, y). F is M -continuous if it is Mcontinuous at each x ∈ X.
Remark 2.4. Every continuous mapping is also M -continuous, whatever M .
In order to avoid the commutativity condition of the mappings F and g, and inspired by Definition 5, we present the following notion of (O, M )-compatibility.
Definition 2.5. Let (X, d) be a metric space and let M ⊆ X 4 be a subset. Two mappings F : X × X → X, g : X → X are said to be
whenever {x n } and {y n } are sequences in X such that (x n , y n , x n+1 , y n+1 ) ∈ M for all m 0 and lim n→∞ F (x n , y n ) = lim n→∞ gx n ∈ X and lim n→∞ F (y n , x n ) = lim n→∞ gy n ∈ X Remark 2.6. If F and g are commuting, then they are also (O, M )-compatible, whatever M .
The main result of this paper is the following one.
Theorem 2.7. Let (X, d) be a complete quasi-metric space with a Q-function q on X. Assume that the function ϕ : [0, +∞) → [0, +∞) with 0 = ϕ(0) < ϕ(t) < t and lim r→t + ϕ(r) < t f or each t > 0. Further, F : X × X → X and g : X → X are such that F (X × X) ⊆ g(X) and let M ⊆ X 4 be a (F, g)-compactible, (F, g)-closed, transitive subset. Assume that there exist k ∈ (0, 1) and Then there exist x, y ∈ X such that
. Continuing this process, we can construct sequences {g(x n )}, {g(y n )} in X such that
If there exist n 0 ∈ N such that
Thus (x n 0 −1 , y n 0 −1 ) is a coupled coincidence point of F . This finishes the proof. Therefore we may assume that
By repeating this argument, we get
for all n 1. Consider now the sequence of nonnegative real numbers {δ n } ∞ n=1 given by
Adding (2.7) and (2.8) we obtain δ n 2kϕ
. Therefore the sequence
from (2.9) it follows that the sequence {δ n } ∞ n=1 is decreasing. Therefore, there exist some δ 0 such that
We shall prove that δ = 0. Assume to the contrary that δ > 0. Then by letting n → ∞ in (2.9), from 0 = ϕ(0) < ϕ(t) < t and lim r→t + ϕ(r) < t, for each t > 0, we have
a contradiction. Thus δ = 0 and hence lim n→∞ δ n = 0 (2.12)
We now prove that {g(x n )} and {g(y n )} are Cauchy sequences in (X, d). Suppose, to the contrary, that at least one of {g(x n )} or {g(y n )} is not a Cauchy sequence. Then there exists > 0 for which we can find subsequences {g(x m(k) )} and {g(x n(k) )} of {g(x n )}, {g(y m(k) )} and {g(y n(k) )} of {g(y n )} with
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) > k and satisfies (2.13). Then
Using (2.13) and (2.14) and the triangle inequality, we have
Letting k → ∞ in the above inequality and using (2.12), we get
Since n(k) > m(k) and M satisfies transitive property, we get
Hence we can use (2.1) to obtain 
which is a contradiction. This shows that {g(x n )} and {g(y n )} are Cauchy sequences. Since X is a complete metric space, there exist x, y ∈ X such that Corollary 2.8. Let (X, d) be a complete quasi-metric space with a Qfunction q on X. F : X × X → X and g : X → X are such that F (X × X) ⊆ g(X) and let M ⊆ X 4 be a (F, g)-compatible, (F, g)-closed set. Assume that there exist k ∈ (0, 1) such that
Also assume that one of the following condition holds Proof. Taking ϕ t = t in Theorem 2.7 and remove the transitivity condition, we obtain Corollary 2.8.
Corollary 2.9. Let (X, d) be a complete quasi-metric space with a Qfunction q on X and be a transitive relation on X. Assume that the function ϕ : [0, +∞) → [0, +∞) with 0 = ϕ(0) < ϕ(t) < t and lim r→t + ϕ(r) < t for each t > 0. Further, suppose that k ∈ (0, 1) and F : X × X → X, g : X → X are such that F (X 2 ) ⊆ g(X) and F is (g, )-non-decreasing. Consider q(F (x, y), F (u, v)) kϕ q(gx, gu) + q(gy, gv) 2
for all x, y, u, v ∈ X such that g(x) g(u) and g(y) g(v). Also suppose that ϕ(0) = 0 or is antisymmetric Assume that one of the following condition holds (a) T and g are M-continuous and (O, M )-Compatible; (b) T and g are continuous and commuting; If there exists a point (x 0 , y 0 ) ∈ X × X such that gx 0 F (x 0 , y 0 ) and gy 0 F (y 0 , x 0 ) Then there exist x, y ∈ X such that g(x) = F (x, y), g(y) = F (y, x).
Proof. By an application of Theorem 2.7, we obtain Corollary 2.9.
Example 2.10. Let X = R, d(x, y) = |x − y| and F : X × X → X be defined by F (x, y) = x+y 16
, (x, y) ∈ X 2 . The mapping F doesnot satisfy the g-monotone property. Let M = X 4 and (x, y, u, v) ∈ M , we have It is easy to check that F satisfies (2.1) and (0,0) is the coupled coincidence point of F .
